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1st .
*+(T0!$1%!$ﬂ
db^¡YZVCY T+pugkbs¡UK^(W3VC«OmbdbV+YXVi^(p]^oYZWZV\ubh3[rh
¸
£^(`¯YXV
N
§&A^!²TCuvY3YZVﬀ^£mbWZ^hZhYXdb^!mbW_V\UxTCUn[]p][Y³f
`b^ubhZ[Y³f¤«¦kbuboYZ[]V\utVC«FYXdb^RYX[]st^^(st[]h_hZ[rV\uV+«;YXdn^
¸
W_h_Y)mbdbVCYZV£^p]^(oYXW_V\u§db^mbWZVCUxTCUb[rp][rY³f
P1
(
N ∈
[t, t + ∆t]
)
VC«
¸
ub`n[]ub¡YZdb^
¸
WZhYmbdbV+YXVi^(p]^oYZWZV\uV\k£YVC«
N
²ﬃ[rYZdb[]uYXdb^}YZ[]st^}[rugYZ^(WCT+p
[t, t + ∆t]
[rhYXdb^`b[¢;^WZ^(uno(^UF^Y³²M^^(u
• YXdn^mnWZV\UxT+Ub[]pr[rY³ftYXdxT+YRT+p]p;mndbVCYXVi^(pr^(oYXWZVCubhﬃUF^^(st[rY_YX^`2T+«=YX^W t TCub`
• YXdn^mnWZV\UxT+Ub[]pr[rY³ftYXdxT+YRT+p]p;mndbVCYXVi^(pr^(oYXWZVCubhﬃUF^^(st[rY_YX^`2T+«=YX^W t + ∆t
dn^mbW_V\UxTCUn[]p][Y³ftVC«Vio(okbWZW_^(ubo^V+«TCprpmbdbV+YXVi^(p]^oYZWZV\ubhﬃTI«=YX^(W
t
[]h
P1
(
N ∈ [t,∞])) =
(∫
∞
t
f(u)du
)N
¥{TWgª
A^3YXdgkbhﬃ²ﬃWZ[YX^
P1
(
N ∈ [t, t + ∆t]) =
(∫
∞
t
f(u)du
)N
−
(∫
∞
t+∆t
f(u)du
)N
¥{!\ª
"V®hZ[rsmnp][r«=fPYXdb^ ^£mbWZ^hZhZ[rV\ubh@²)^ `b^
¸
ub^ YZdb^ mbW_V\UxTCUb[rp][Y³f¹«¦V\W&^(TCo dmbdbVCYZV£^p]^oYXW_V\u·YZV¹UF^
^s[YZYX^`UF^«¦V\WZ^
t
F (t) =
∫ t
0
f(u)du
¥Ł\ª
dn^^nmnWZ^(h_hZ[rV\u ¥Á|\ªUF^o(V\st^(h
P1
(
[t, t + ∆t]/N
)
=
(
1− F (t))N − (1− F (t + ∆t))N ¥{7\ª
A^`b^C^(prV\mﬀYZdb^mFV²)^(WRVC«"YXdb^3Y³²)Vt«¬TCoYXV\W_h[]uYXdn^UnWXTCo ¼+^YXhÇ
P1
(
[t, t + ∆t]/N
)
=
N∑
k=0
(
N
k
)(− F (t))k −
N∑
k=0
(
N
k
)(− F (t + ∆t))k ¥{Jvª
P1
(
[t, t + ∆t]/N
)
=
N∑
k=0
(
N
k
)
(−1)k+1{(F (t + ∆t))k − (F (t))k} ¥Lvª
dn^
¸
WZhY}YZ^(WZs
k = 0
UF^[]ub´ÈnKYZdb^&h_kbsh_Y T+W_YXhR«¦V\W
k = 1
§ A^&W_^²ﬃW_[rYX^YXdb^YX^WZsthVC«YXdb^
h_kbs
(
F (t + ∆t)
)k − (F (t))k =
(
F (t + ∆t)
)k − (F (t))k
∆t
∆t
¥Á|CÈvª
 db^u YXdb^RYX[rs^R[]uvYX^W_+TCp
∆t
UK^(oV\st^(hM[ru
¸
ub[YX^hZ[]sTCpÁCYXdb^}pqTChYM^jikbT+YX[rV\u []h)^(jgkxTCpKYXV&YZdb^}mnWZV\U£
TCUn[]p][Y³ftVC«
¸
ub`b[]un¤YZdb^
¸
WZhYRmbdbVCYZV£^p]^(oYXW_V\u2[]uYXdb^[ru
¸
ub[YX^(h_[]sTCpK[]uvYX^W_+TCp
[t, t + dt]
Ç
(
F (t + ∆t)
)k − (F (t))k
∆t
−→ d
dt
(
F (t)
)k ¥Á|£7ª
	


  ﬀﬁﬂﬃﬁﬁﬃﬀ ﬃﬂﬁ! "# "ﬁﬁ$ﬂ%&$ﬀ' %
 
J
ub`2YXdb^WXTIYX[]V!mnWZV\UxT+Ub[]pr[rY³fnIYX[rs^R[]uvYZ^(W_+TCpFYX^(un`bhRYZV!YXdb^`b^ubhZ[Y³fmbWZVCUxTCUb[rp][rY³f
P1
(
[t, t + ∆t]/N
)
∆t
−→ p1(t/N) ¥ |\|Cª
ºR^(ubo^C9^(st[]h_hZ[rV\u YX[rs^amnWZV\UxT+Ub[]pr[rY³f`b^(ubh_[rY³f «¦VCWYXdb^
¸
W_h_YRmbdbVCYZV£^p]^oYXW_V\u2[]h²ﬃW_[rYZYZ^(u
p1(t/N) =
N∑
k=1
(
N
k
)
(−1)k+1 d
dt
(
F (t)
)k ¥Á|C~vª
dn[]hﬃ^£mbW_^(hZh_[]V\u±UF^o(V\st^(h
p1(t/N) =
N∑
k=1
(
N
k
)
(−1)k+1k(F (t))k−1F ′(t) ¥ |oWgª
ub`9TCmbmnprfi[]ub¡YZdb^mbWZVCmF^W_Y³f (
N
k
)
k = N
(
N − 1
k − 1
)
¥Á|)\ª
)f hZkbUbhYX[YXknYZ[]ub¤^(j9§¥|\ªM[]uvYXV¤^jK§¥M\ª)²M^V\UnYXTC[]uÇ
p1(t/N) = NF
′(t)
N∑
k=1
(
N − 1
k − 1
)
(−1)2(−1)k−1(F (t))k−1 ¥Á|CŁvª
A^3WZ^o(V\\un[ U(^aYZdxT+YYZdb^3hZkbs []hMYZdb^`b^C^(p]VCmbs^uvYﬃVC«%YZdb^
N − 1 mFV²)^(WﬃVC«"YXdb^3Un[]ubV\st[qT+p9YZ^(W_s
1− F (t) §@w[ruxTCp]pf\
p1(t/N) = NF
′(t)
(
1− F (t))N−1 ¥Á|\\ª
A^o db^(o ¼YZdb^ubV\WZs VC«%YZdb[]h«¦knuboYZ[]V\uÇ
∫
∞
0
p1(t/N)dt =
[− (1− F (t))N]∞
0
¥Á|Jvª
 [YXd
F (0) = 0
TCub`
F (∞) = 1∫
∞
0
p1(t/N)dt =
[− (1− 1)N]− [− (1− 0)N] = 1 ¥ |Lvª
w%[]uxTCprprfCIYZdb^^£mbpr[]o[rY%^£mbWZ^hZh_[]V\utVC«xYXdn^mbWZVCUxTCUb[rp][rY³f`n^(ubh_[rY³f¡[rhV\U£Y TC[rub^(`!Uvf¡W_^(mbp]TCo([rub
F (t)
²ﬃ[YXd2[rYZh^£mbWZ^hZh_[]V\u±[]u^(j9§}¥TWvª
p1(t/N) = Nλe
−λt
[
e−λt
]N−1 ¥¬~\Èvª

2 
n
oﬀ=l\A\1tﬀ%6G!
.
(]A\]^ﬀ%1%ﬀﬁﬀ8@EFﬀ%]+ﬀ%ﬂ'B(<*+!
kth .
*+/0!$1%!$ﬂ
db^T+WZWZ[+TCpKYZ[]st^}mbW_V\UxTCUn[]p][Y³f¤`b^(unhZ[rY³f«¦kbuboYX[]VCu «¦V\W)YZdb^
kth
mbdbVCYZV£^p]^(oYXW_V\uTCstV\ub
N
oTCu2UK^
`b^WZ[\^(`2«¦WZVCsµYXdn^^£mbWZ^hZhZ[rV\u°¥{TWgª)«¦V\WYZdb^
¸
WZhYRmbdbVCYZV£^p]^(oYXW_V\uYX[]st^a`b[rh_YZWZ[]UnknYX[rV\u§
y³un`b^(^`YXdb^!mbW_V\UxTCUn[]p][Y³fYXdxTIYaYXdb^
kth
mndbVCYXVi^(pr^(oYXWZVCu®[]u®`b^YX^(oYX^`ÅYZdb^¡[]uvYZ^(W_+TCp
[t, t + dt]
[rh^(jgkxTCpYZV¤YZdb^%_V\[]uvYﬃmbW_V\UxTCUn[]p][Y³ftVC«e|![]un`b^(mK^(ub`n^(uvYRo(V\ub`n[rYX[rV\ubhÇ
• k − 1 mbdbVCYZV£^p]^oYXW_V\ubhRTCW_^3`b^YZ^(oYZ^(`±[]uYXdb^[rugYZ^(WCT+p [0, t]
• YXdn^ ¸ W_h_YmndbVCYXVi^(pr^(oYXWZVCu []hO`b^YZ^(oYX^(`2T+sV\unYZdb^ N − (k− 1) W_^(sTC[]ub[rubmbdbVCYZV£^p]^oYXW_V\ubh
[]uYXdn^[ruvYX^(W+TCp
[t, t + dt]
   
A^oTCuYXdgkbhﬃ²ﬃWZ[YX^
pk(t/N)dt =
(
N
k − 1
)
P{(k − 1) ∈ [0, t]}p1
(
t/(N − (k − 1)))dt ¥Á~n7ª
A^&oV\ubhZ[r`b^(WaTCp]pYXdn^&mKV\hZh_[]Ubpr^oV\u
¸
\knWXT+YZ[]V\ubhVC«@^C^(uvYXh3[ru±²ﬃdb[ro d
k − 1 mbdbVCYZV£^p]^(oYXW_V\ubh}VCknY
VC«
N
TCW_^3^(st[rYZYZ^(`2UK^«¦V\W_^aYX[]st^
t
§
dn^
¸
W_h_YﬃYX^WZs
V+«^jK§¥{JvªM[]h^(TCh_fYZV¤oTCpro(kbp]T+YX^
P{(k − 1) ∈ [0, t]} =
(∫ t
0
f(u)du
)k−1
= [F (t)]k−1
¥¬~v|\ª
dn^PhZ^o(V\un`ÂYX^(W_s VC«3^jK§ ¥{Jvª¡[]htWZ^mbpqTCo^(`»²ﬃ[rYXd¶[rYZh^nmnWZ^(h_hZ[rV\u.¥jWgª&²ﬃ[rYXd
N − k + 1
[rubh_YZ^TC`¯VC«
N
§¨db^WZ^«¦VCWZ^C"YXdb^!mnWZV\UxT+Ub[]pr[rY³f±`b^(ubh_[rY³f¹«¦knuboYZ[]V\u¯VC«OYXdb^!YZ[]st^¡VC«)^(st[]hZh_[]V\u®V+«)YZdb^
kth
mbdbVCYZV£^p]^oYXW_V\u2V\knYﬃVC«
N
[]hÇ
pk(t/N) =
(
N
k − 1
)
[F (t)]k−1(N − k + 1)F ′(t)[1− F (t)]N−k ¥¬~\~vª
­aW
pk(t/N)dt =
N !
(k − 1)!(N − k)! [1− F (t)]
N−k[F (t)]k−1F ′(t)
¥Á~Wgª
A^¡T+vTC[]u2\^WZ[«=fﬀYZdb^&unV\WZsﬁVC«YXdb[rhR«¦kbunoYX[rV\u§ﬃdb^WZ^(okbWZh_[rC^¡[]uvYX^\WXTIYX[]VCu±UvfﬀmxTCWYXh}V+«YXdn^
W_[]\dvYst^(s¡UK^(W
k − 1 YX[rs^h(bC[r\^hYXdb^3«¦V\prp]V²ﬃ[]ub&^(jgkxTCpr[rY³fKÇ∫
∞
0
N !
(k − 1)!(N − k)! [1− F (t)]
N−k[F (t)]k−1F ′(t)dt
=
∫
∞
0
N [1− F (t)]N−1F ′(t)dt
=
[− (1− F (t))N ]∞0 = F (1)− F (0) = 1 ¥¬~ \ª
dn^&^(st[]h_hZ[rV\uﬀYZ[]st^mbWZV\UbTCUb[]pr[rY³f´`b[]hYXWZ[rUbknYZ[]V\u«¦V\WYXdn^
kth
mndbVCYXVi^(pr^(oYXWZVCuPV\knYRVC«
N
[rhRo(TCp
okbpqT+YZ^(`!«¦V\W@TCu¤^nmKV\ub^uvYX[qT+pb`b^(o(Tf!«¦kbuboYZ[]V\u¤Uvf!h_kbUbh_YZ[rYZknYX[rub¥ |C~vª%TCub`P¥ |oWgª"[]u!YXdb^ﬃ^nmnWZ^(h_hZ[rV\u
¥Á|£7ªÇ
f(t) = λ · e−λt ¥¬~\Łvª
F (t) =
∫ t
0
f(u)du = (1− exp(−λt)) ¥Á~v\ª
A^3YXdb^u±V\U£Y TC[ruÇ
pk(t/N) =
N !λ(1− e−λt)k−1
(k − 1)!(N − k)! e
−λ(N−k+1) ¥¬~?Jvª
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Pﬂ]$?^TYRg RV4?PYR]
­amnYZ[]sTCp
¸
prYX^WZ[rub o(VCubhZ[rh_YXh[ru¯T±|³mxTCWZTCst^YX^W
¸
YVC«)ThZ^YV+«Mu¯hXT+smbpr^(h
Si = S(ti)
²ﬃ[rYZd
T¤WZ^«¦^(WZ^ubo(^hZ[r\uxTCp
g(t)
§Odb^&mbTCWXTCst^YZ^(W_h(
u
TCun`
v
KTCW_^o(TCp]okbpqTIYX^(`ﬀT+YR^(TCo dPop]Vio ¼h_YX^mPUvfﬀT
pr[]ub^(TCW%oV\s¡Ub[ruxT+YZ[]V\uVC«9YXdb^
n
mbW_^i[]VCkbhhXT+smbpr^(hhYXV\W_^(`¤[]u¤Tamn[]mK^(p][rub^Os^sV\Wf\§%db^jgkxTCp][Y³fVC«
YZdb^
¸
YM[rh)^CT+p]kxT+YZ^(`UgfT
χ2
mxTCWZTCs^YX^W(§  db^u
u
[rhMTCUKV\^}TYXdnWZ^(h_dbV\pr` TCub`
χ2
[]h@st[]ub[rs¡kbsﬀ
YZdb^
¸
Y[rhM\ViVi`TCub` YZdb^amxTCWZTCst^YX^WZhdbTC^T¡mbdvfihZ[]o(TCp;h_^(ubh_^CÇO[r«
A
T+ub`
τ
TCW_^aWZ^hZmK^(oYX[rC^(pfYZdb^
TCstmbpr[rYXkn`b^}VC«YZdb^3hXTCstmbpr^(`hZ[r\uxTCpe¥¬mbW_V\mFVCW_YX[rV\uxTCp9YXV¡YZdb^^(ub^WZCfnªTCun`ﬀ[YXhmbdbTChZ^WZ^pqT+YZ[rC^(prf¤YZV
YZdb^WZ^«¦^WZ^ubo(^«¦kbuboYX[]VCunYXdn^(u
Si ≈ Ag(ti − τ)
u ≈ A
v ≈ Aτ
g4,/DXPﬃ]JP ?P YR]wYRD ?^m , ?P<, TK,[Dj,[T6,[]#Vk,
dn^!hXTCstmbp]^haTCW_^&²ﬃWZ[YZYZ^(u
Si = S(ti)
§$·^!unVCYX^
ta
YXdb^&mbkbp]h_^!TCW_WZ[r+TCpYZ[]st^C;`n^
¸
ub^`¯db^(W_^
Uvf´YZdb^a[rubh_YXTCuvY²ﬃdb^(uYZdb^3hZ[r\uxTCpKWZ^(TCo db^(hÈ'&#VC«[YXhsTI£[]s&kbs
S(ta) = 0.1Smax
§edb^3mbknp]hZ^
[rh`b^(h_o(WZ[rUF^`±Uvf2T!«¦kbuboYX[rV\u2VC«%YZdb^3+TCWZ[]TCUbp]^
t′
b²ﬃdbV\h_^V\WZ[r\[]u[rh`b^
¸
un^(`Ph_[]st[]p]TCWZpfÇ
g(t′ = 0) = 0.1
^Y
max(g) = 1
db^h_[]\uxT+p[]hYZdiknhR²ﬃW_[rYZYZ^(uÇ
S(t) = Ag(t− ta) + n(t), ¥Á~?L\ª
²ﬃdb^WZ^uﬀ[]hﬃTCu±TC`b`b[YX[rV\uxTCpKubV\[rhZ^C§
dn^hZTCsmnp][]un¡[]hubV+Yﬃh_fiubo dbW_V\ub[ U^(`P²ﬃ[YXdYXdn^UK^(C[]ubub[rub!VC«"YXdb^mbknp]hZ^+Ç
Si = Ag(ti − ta) + n(ti) ; ta 6= ti
dn^)V\m£YX[]sTCp
¸
prYX^W[]h"Tﬃp][]un^TCWh_kbmK^(WZmKV\h_[rYX[rV\uVC«£YZdb^OumbW_^i[]VCkbh%hZTCstmbp]^h«¦W_V\s
Sc
YXV
Sc+n−1
§
A^3²ﬃWZ[rYZ^
s1 = Sd ; si = Sc+i−1
dgkbh
si = Ag(tc+i−1 − ta) + ni ¥ﬁWvÈvª
YZdb^2ubV\[]h_^2[]h¤o(V\unhZ[]`n^(WZ^` hY T+YZ[]V\uxT+W_f\@²ﬃdb[ro d¶st^TCunh¤YZdxT+Yt[rY¤`nV£^hubV+Y`n^(mK^(ub`¶V\u»YZdb^YX[rs^
V\W_[]\[ru§"Y^T+o do(p]Vio ¼!h_YZ^(m£YXdb^hZdb[«=YMVC«;YXdb^ahZTCstmbp]^h)[ruYXdn^}mb[rmF^p][]un^(`ts^sV\W_[]^hO[rh)«¦V\W_s´T+p]prf
^jikn[r+TCp]^uvYYXV!YXdb^[rubo(W_^(st^(uvY T+YZ[]V\uV+«%YZdb^[]ub`b^
c
§
R«=YX^WYZdb^tTCWZW_[r+TCpVC«Tﬀmnkbp]h_^C%YZdb^(W_^[rhT±hYX^(mÅ«¦V\W3²ﬃdb[]o d¯YXdn^mbdbTChZ^
t′ = tc − ta = −τ [rh
st[]ub[rs¡kbs [ruTCUbh_V\p]knYZ^´+TCp]kn^C²ﬃdb[ro ds^(TCubh&YZdxT+Y¡YZdb^hXTCstmbpr^
s1
[]h¡op]V\h_^´YXV¹YZdb^ W_^«¦^(W_^(ubo^
mKV\[]uvY(Ç
s1 = Ag(−τ) + n1
YYZdb[]hﬃh_YZ^(mbYZdb^mxTCWZTCs^YX^W
χ2 =
n∑
i=1
(si − ugi)2
[rhMst[]ub[rs¡kbsﬀ§"h
td+1 = td + ∆t
n²ﬃdb^WZ^
∆t = 1/Fe
[]h)YZdb^ahZTCsmnp][]un&mK^(WZ[rV£`;£[Y[]h)o(pr^TCWOYXdxT+Y
«¦V\WYXdb[rh3h_YX^m −∆t/2 < τ < ∆t/2 §!y³ub`b^(^`%TCuvf®[]uvYX^W_+TCp [ta −∆t/2, ta + ∆t/2] oV\uvY TC[rubh
V\un^3hXTCstmbp]^+§
 
+
VJYR] G?^T  /V4?P YR]wYRD{?^m6, Z
c
T
c
,%?^,[T6
A^o(V\unhZ[]`n^(WYXdb[rho(V\u
¸
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